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A B S T R A C T

The flexible rotors within aero-engines operate in complex thermal environments, where tem
perature influences both the vibration frequency and amplitude. This study establishes a simple 
thermal flexible rotor dynamics model to rapidly and precisely predict thermo-elastic coupling 
vibration characteristics within a non-uniform temperature field. The thermal potential energy of 
the thermal rotor element is derived for any temperature field, and the motion equation is ob
tained using the Euler-Lagrange equation. Specifically, the generalized vector of an arbitrary 
point and cross-sectional non-uniform thermal stress of the thermal rotor element are considered 
in the thermal potential energy. The model’s frequency error is <1 % under identical boundary 
conditions. Numerical findings indicate that thermal stress, temperature-dependent material 
properties, and the coupling effect collectively reduce the natural frequency (NF), with thermal 
stress having a more pronounced impact under axial constraint. Additionally, thermal stress and 
material decrease the amplitude across a broad range of rotation speeds, contrasting with thermal 
bending. This model will play a key role in the iterative calculation of thermo-elastic coupling 
vibration control due to its accuracy and simplicity.

1. Introduction

High-speed flexible rotors constitute the core of aero-engines, delivering power to rotating equipment. The natural frequency and 
amplitude of the flexible rotor working at high temperatures are different from those at normal temperature. As the rotating machinery 
advances into realms of heightened temperatures, the thermo-elastic coupling vibrations in high-speed rotors have garnered signifi
cant attention. Its impact on the performance of rotating machinery continues to grow, underlining the critical importance of tackling 
this intricate challenge. Consequently, enhancing the design efficiency of rotating structures, precise modelling and rapid analysis of 
vibration characteristics in thermal rotors within high-temperature environments are imperative. Simultaneously, this research serves 
as a theoretical foundation, providing valuable insights for fault diagnosis and troubleshooting in the realm of rotating machinery.

The flexible rotor is classified as a special beam structure. Addressing the modelling and analysis of vibration characteristics in 
beams within normal temperatures, current research is categorized into two main approaches: the analytical method and the nu
merical method. Early investigations typically treated the cantilever blade beam as a bending beam [1–4]. Subsequently, the bending 
effect in the rotor around the axis was considered [5–7]. Concurrently, scholars have undertaken extensive research on cantilever 
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beams [8,9] and composite structural beams [10,11]. The intricacies of composite beams have been dissected through the classical 
beam theory, first-order shear beam theory, and higher-order shear beam theory, and Carrera unified formulation (CUF) [12-16]. It is 
noteworthy that the CUF offers a unified framework, enabling the transformation of beams into various classical and higher-order 
beam theories, such as the Timoshenko beam model, to meet specific requirements. The beam modelling techniques have flour
ished significantly under normal temperature conditions. Both analytical methods and numerical techniques offer distinct advantages 
in different aspects.

The aforementioned studies overlook the impact of temperature. The intricate interplay of thermo-elastic coupling introduces 
distinctive vibration characteristics in beams working in high-temperature environments, setting them apart from those observed 
under normal temperature conditions. The impact of temperature on beams manifests primarily in two distinct aspects: 

(1) Firstly, the localized structural thermal stress and deformation within the beam influence the rotor’s potential energy, thereby 
remolding the stiffness characteristics of the beam [17-38]. Sankar et al. [17] employed a classical beam theory to characterize 
the thermal stress in beams. Concurrently, other scholars developed the thermo-mechanical coupling beam model, grounded in 
bending beams [18-20] and first-order shear beams [21-26]. Leveraging the Euler-Bernoulli-Vlasov theory, Simonetti et al. [27] 
devised a numerical model of thin-walled beams, accounting for the influence of temperature. Furthermore, advancements in 
higher-order shear deformation beam theory were realized [28]. Thermo-mechanical coupling models for porothermoelastic 
wave, Cosserat body, shell and plate structures [29-33] were also established. These studies on thermoelastic coupling neglected 
rotation. Subsequently, researchers have undertaken investigations into the analysis of vibration characteristics in rotating 
beams subjected to temperature fields [34-38]. In their work, Zhang et al. [34] derived the kinematic equations of the 
thermo-mechanical cantilever beam based on the nonlinear von Karman strain formula. Zhao and Chiu et al. [35,36] introduced 
the thermal deformation coefficient. Utilizing the first-order shear deformation theory, Guo et al. [37] developed a cantilever 

Nomenclature

(X, Y, Z) Fixed coordinate system of rotor
(
xa,ya, za, θa, φa

)
Each point coordinate system on the centroid axis of the thermal rotor element

(
ux, uy,uz

)
An arbitrary point coordinate system within the thermal rotor element

{q}s Generalized coordinate
Ω Rotation speed
L, ls Rotor length and element length
T,ΔT Temperature and temperature difference
[N(s)], [D(s)], [B(s)], [R(s)] Displacement and angle shape function and first order partial differential matrices
ρs Density
As, Is Cross-sectional area and area moment of inertia
Jds,Jps Diametral and polar moments of inertia
Es,Gs Elastic modulus and shear modulus
Kʹ

s Shear coefficient
KE,U,UM,UT Kinetic energy and potential energy
εz, εT

z Total axial strain and normal axial strain
σTemp

z Axial thermal stress
μs Poisson ratio
αs Thermal expansion coefficient
ro, ri Outer and inner diameter
NT,MT Section’s normal force and bending moment
Γ, Γ− 1, Γ0, Γ1, Γ2, Γ3 Temperature-dependent parameters of the material and coefficients
k Thermal conductivity
h Convective heat transfer coefficient
qv Internal heat source
cp Specific heat at constant pressure
E Finite element domain of the axisymmetric structure
T3,q2 Medium temperature and heat flux of the third and second boundary conditions
l = (i, j, m) An array of nodes for an element
Wi Weight function for node i
{T}E

,{PT}E Element temperature vector and temperature load vector
[KT]E, [NT]E Element thermal conductivity and heat capacity matrix
[H]

e Shape function of temperature
[M]

e
, [C]e, [G]e, [K]eM, [K]

e
b, [f ]

e
unl Mass, damping, gyro, mechanical stiffness, and bearing stiffness matrices, and unbalanced force 

vector of the thermal rotor element
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blade beam model within a thermal environment, incorporating nonlinear shell theory. However, these investigations pre
dominantly concentrate on the thermal impact of a rotating cantilever beam, neglecting the thermal effects associated with 
axial rotation of the beam. Shabanlou et al. [38] obtained the analytical equation of a rotating cylindrical beam under a 
temperature field, employing the high-order shear deformation beam theory.

(2) Secondly, variations in temperature-dependent material properties further impact the dynamic characteristics of the beam. 
Numerous researchers opt for employing temperature-dependent material parameters in lieu of constants. Kim, Kauss and 
Malekzadeh et al. [39-41] specifically addressed the effects of temperature-dependent material on plate and blade behavior. 
Acknowledging the influence of temperature-dependent material, a more accurate depiction of the vibration characteristics in a 
thermal rotating beam emerges. Nevertheless, the exploration of temperature-dependent materials is not a dedicated focus for 
dynamics field.

The literature review shows that most research has mainly focused on the modelling and vibration control of normal temperature 
beams and high-temperature cantilever blades. For complex high-temperature rotating beams, the advantages and disadvantages of 
the several methods are summarized: 

(1) Analytical method: Analytical method proves beneficial for the deep understanding of thermoelastic mechanisms. Nevertheless, 
this approach proves unsuitable for addressing the intricate rotor structures and boundary conditions.

(2) High-dimensional finite element method: While this method boasts accuracy, the computational cost of iterative calculations is 
relatively high. Although certain methodologies exist to reduce model complexity, introducing temperature effects during this 
simplification process presents challenges.

(3) One-dimensional finite element method: While one-dimensional models provide simplicity, their oversimplification of thermal 
boundaries fails to account for the impact of non-uniform temperature gradients.

The objective of our investigation is to develop a thermoelastic rotor model adept at swiftly and precisely predicting thermoelastic 
coupling characteristics. This requires a harmonious blend of simplicity and accuracy. Should the accuracy of the one-dimensional 
model be ensured, it stands as a viable strategy for accomplishing our research objective.

Therefore, this study introduces a novel one-dimensional thermal rotor dynamic model that accounts for the influence of non- 
uniform temperature fields. Specifically, this is achieved by accounting for non-uniform thermal stresses and deformation at any 
point within the element. This approach circumvents the necessity for oversimplification of thermal boundary conditions. It not only 
comprehensively captures the impact of non-uniform temperature distribution but also swiftly computes vibration characteristics. This 
constitutes a significant innovation in this research.

The main contributions of this work are: 

(1) An accurate and simple thermal flexible rotor dynamic model is proposed. In modelling, thermal stress and temperature- 
dependent materials under non-uniform temperature fields are considered.

(2) In the thermal potential energy, the cross-sectional thermal stress within the thermal rotor element and generalized vector of an 
arbitrary point are considered. This pivotal attribute empowers the model to delineate the complexities of thermal boundaries.

(3) The impacts of temperature on thermal stress, inherent characteristic, and speed-up response are discussed under non-uniform 
temperature fields.

(4) This study fulfills the demands of engineering complexity and offers a solution for iterative calculations amidst intricate thermal 
boundaries.

Fig. 1. The coordinate systems of thermal rotor system.
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The subsequent sections of this paper are as follows: Section 2 presents a thermal rotor element modelling method. Section 3
introduces the temperature field model. Section 4 delves into the analysis of thermo-elastic coupling vibration characteristics. Section 
5 validates the accuracy of the proposed model. Finally, the conclusions are addressed.

2. Mathematic modelling of thermal rotor

Initially, the derivation of the energy equation for the thermal rotor is undertaken, taking into account the assumed boundary 
conditions. Simultaneously, the temperature dependence of the material is considered. Subsequently, utilizing the Lagrange equation, 
the finite element motion equation of the thermal rotor is derived. The model exhibits the capability to rapidly and accurately compute 
the response of the thermal rotor, demonstrating robust engineering applicability.

2.1. Description and assumption of the model

Fig. 1 illustrates the thermal rotor with a length of L around the z-axis at a variable rotation speed Ω(t). The system experiences the 
influence of a temperature field, with temperature represented as a function of space—T(ρ, ϑ, z). The thermal rotor structure is dis
cretized into distinct thermal rotor elements, as shown in Fig. 1. For a thermal rotor element with length ls, the bending and shear 
effects are considered.

This model considers four distinct coordinate systems. The thermal rotor is associated with fixed coordinate system (X, Y, Z), 
whereas each point on the centroid axis of the thermal rotor element is characterized by coordinate system (xa,ya,za,θa,φa), and an 
arbitrary point within the thermal rotor element is defined by coordinate system (ux,uy,uz). Furthermore, the generalized coordinate 
system for the thermal rotor element is articulated as follows: 

{q}s = [ x1 y1 θ1 φ1 x2 y2 θ2 φ2 ]
T
. (1) 

Point P denotes any location within a general section of the thermal rotor element. In accordance with shear deformation theory, 
the displacement at the Point P is determined by the displacement of any point along the centroid line of the thermal rotor element: 

⎧
⎨

⎩

ux = xa,

uy = ya,

uz = za − xφa − yθa.

(2) 

The displacement,[xa,ya]T, at any point along the centroid axis is defined by the displacement shape function matrix [N(s)] and the 
generalized coordinate {q}s. Correspondingly, the rotation angle, [θa,φa]T, at any point within the element is expressed using the angle 
shape function matrix [D(s)] and the generalized coordinate {q}s: 

[xa, ya, θa,φa]
T
=

{
[N(s)]
[D(s)]

}

{q}s, (3) 

where s represents the distance from the left node i of the thermal rotor element to any section along the axial direction. The shape 
function matrices [N(s)] and [D(s)] are expressed as follows: 

[N(s)] =

[
N1(s) 0 0 N4(s) N5(s) 0 0 N8(s)

0 N1(s) N4(s) 0 0 N5(s) N8(s) 0

]

,

[D(s)] =

[
0 D1(s) D4(s) 0 0 D5(s) D8(s) 0

D1(s) 0 0 D4(s) D5(s) 0 0 D8(s)

]

.

(4) 

Each term in the shape function matrix is a cubic interpolation shape function with respect to s. The specific representation is 
provided in the Appendix A. The first-order partial derivative matrices of the shape function are defined as: 

B(s) =
∂N(s)

∂s
,R(s) =

∂D(s)
∂s

. (5) 

Therefore, the first-order partial derivative matrices of the shape function are expressed as: 

[B(s)] =

[
0 B1(s) B4(s) 0 0 B5(s) B8(s) 0

B1(s) 0 0 B4(s) B5(s) 0 0 B8(s)

]

,

[R(s)] =

[
R1(s) 0 0 R4(s) R5(s) 0 0 R8(s)

0 R1(s) R4(s) 0 0 R5(s) R8(s) 0

]

.

(6) 

2.2. Energy equation of thermal element

For a high-speed rotor operating at normal temperature, the formulas of kinetic energy and mechanical potential energy are widely 
applied [6]. The kinetic energy of the rotating beam element is composed of rotational kinetic energy and translational energy, 
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expressible as: 

KE =
1
2

∫ls

0

{
ρsAs

(
ẋ2

a + ẏ2
a
)
+ JpsΩ(θ̇aφa − θaφ̇a)+ Jds

(
θ̇

2
a + φ̇2

a
)
+ JpsΩ2}dz, (7) 

where ρs, As, Jds and Jps represent the density, cross-sectional area, diametral and polar moments of inertia for the rotor element, 
respectively. Considering the influences of both bending and shearing, the mechanical potential energy of the rotor element under 
room temperature conditions is formulated as: 

UM =
1
2

∫ls

0

EsIs

[(
∂θa

∂s

)2

+

(
∂φa

∂s

)2]

ds +
1
2

∫ls

0

Kʹ
sGsAs

[(
∂xa

∂s
− φa

)2

+

(
∂ya

∂s
+ θa

)2]

ds, (8) 

where Es, Gs, Is and Ks′ represent the elastic modulus, shear modulus, area moment of inertia, and shear coefficient of the thermal rotor 
element, respectively.

In a high-temperature operating environment, the flexible rotor undergoes temperature-induced expansion or contraction de
formations. When the rotating rotor is subject to external constraints or exhibits mutual constraints among its internal components, the 
flexible element experiences temperature-induced stresses. Consequently, the total potential energy U of the thermal rotor element 
consists of thermal potential energy UT and mechanical potential energy UM. 

U = UT + UM. (9) 

In conformity with elasticity theory, the thermal potential energy UT emerges as a composite of normal and shear strain energies. 
Assuming isotropy in the rotor material, signifying shear strain energy UT

γ = 0, the resulting expression for thermal potential energy is 
articulated as: 

UT =
1
2

∫ ∫ ∫

V

σTemp
z εzdV. (10) 

For delineating the connection between strain and displacement, the axial strain can be derived utilizing the von Karman nonlinear 
theory and elasticity theory. 

εz =
∂uz

∂s
+

1
2

(
∂uy

∂s

)2

+
1
2

(
∂ux

∂s

)2

− εT
z =

∂za

∂s
− x

∂φa

∂s
− y

∂θa

∂s
+

1
2

(
∂xa

∂s

)2

+
1
2

(
∂ya

∂s

)2

− εT
z , (11) 

where εT
z is the strain caused by temperature difference. The association between linear displacement and angular displacement can be 

approximated as: 

φa =
∂xa

∂s
, θa =

∂ya

∂s
. (12) 

Therefore, the axial strain is articulated as follows: 

εz =
∂za

∂s
− x

∂φa

∂s
+ y

∂θa

∂s
+

1
2

θa
2 +

1
2

φa
2 − εT

z . (13) 

Following the principles of elastic mechanics, the expression for axial thermal stress in both an infinitely long cylinder (Fig. 2(a)) 
and a finitely long cylinder with fully axially constrained ends (Fig. 2(b)) is as follows: 

σTemp
z (i) =

2μsEsαs

(1 − μs)
(
r2
o − r2

i
)

∫ro

ri

ρT(ρ, zi)dρ −
EsαsT(ρ, zi)

1 − μs
, (14) 

where μs, αs, ro and ri represent the Poisson’s ratio, thermal expansion coefficient, outer diameter and inner diameter of the thermal 
rotor element, respectively. The axial thermal stress in a cylinder of finite length, devoid of axial constraints (Fig. 2(c)), is denoted as: 

Fig. 2. The axial restraint state of thermal rotor.
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σTemp
z (i) =

2Esαs

(1 − μs)
(
r2
o − r2

i
)

∫ro

ri

ρT(ρ)dρ −
EsαsT(ρ)
1 − μs

. (15) 

Per Hooke’s law, a linear proportional relationship exists between stress and strain within a specific range, expressed as εT
z =σTemp

z 
/Es. Substituting the axial strain and the axial thermal stress into Eq. (10), the thermal potential energy can be obtained as: 

UT =
1
2

∫ls

0

⎡

⎣
∫

A

σTemp
z dA

⎤

⎦

[
1
2

θ2
a +

1
2

φ2
a

]

ds −
1
2

∫ls

0

⎡

⎣
∫

A

σTemp
z xdA

⎤

⎦ ∂φa

∂s
ds

+
1
2

∫ls

0

⎡

⎣
∫

A

σTemp
z ydA

⎤

⎦ ∂θa

∂s
ds +

1
2

∫ls

0

⎡

⎣
∫

A

σTemp
z dA

⎤

⎦ ∂za

∂s
ds −

1
2

∫ ∫ ∫

V

(
σTemp

z
)2
/

EsdV.

(16) 

The core tenet of the finite element method lies in the discretization of continuous systems. Diverse thermal rotor elements exhibit 
distinct thermal stress σTemp

z (i), as shown in Fig. 3, yet each can be deemed to possess a uniform thermal stress expression along any 
section in the axial direction.

Consequently, the integration of thermal stress at any section for a thermal rotor element is used to calculate the section’s normal 
force and bending moment resulting from the thermal stress of each element. 

NT =

∫

A

σTemp
z dA,

MT
x =

∫

A

σTemp
z xdA,

MT
y =

∫

A

σTemp
z ydA.

(17) 

Substituting Eq. (17) into Eq. (16), the thermal potential energy is obtained: 

UT = UT
1 + UT

2 + UT
3 + UT

4 + UT
5 =

1
4
NT

∫ls

0

[
θ2

a + φ2
a
]
ds −

1
2
MT

x

∫ls

0

∂φa

∂s
ds

+
1
2
MT

y

∫ls

0

∂θa

∂s
ds +

1
2
NT

∫ls

0

∂za

∂s
ds −

1
2

∫ ∫ ∫

V

(
σTemp

z
)2
/

EsdV.

(18) 

Substituting the displacement and angle Eqs. (3)–(6) of any point on the centroid axis into the thermal energy Eq. (18), the thermal 
potential energy decomposed into five parts can be expressed as: 

Fig. 3. The thermal stress of discrete thermal rotor element.
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UT
1 =

1
4
NT

∫ls

0

[
( − D1(s)y1 + D4(s)θ1 − D5(s)y2 + D8(s)θ2)

2

+(D1(s)x1 + D4(s)φ1 + D5(s)x2 + D8(s)φ2)
2

]

ds,

UT
2 = −

1
2
MT

x

∫ls

0

(R1x1 + R4φ1 + R5x2 + R8φ2)ds,

UT
3 =

1
2
MT

y

∫ls

0

( − R1y1 + R4θ1 − R5y2 + R8θ2)ds,

UT
4 = 0,

UT
5 = 0.

(19) 

2.3. Temperature-dependent material property

Acknowledging the temperature dependence of materials, common structural metals exhibit expressible properties correlating with 
temperature [42]: 

Γ = Γ0
(
Γ− 1T− 1 +Γ0 +Γ1T+Γ2T2 +Γ3T3), (20) 

where Γ represents temperature-dependent parameters of the material, including the elastic modulus, shear modulus, Poisson’s ratio, 
and others. Γ− 1,Γ0,Γ1,Γ2,Γ3 are coefficients of the temperature-dependent material property function. The complexity of material 
performance under varying temperature conditions is acknowledged. This research employs 45 steel for a comprehensive series of 
numerical analyses. Fig. 4 illustrates the variations in material parameters with temperature.

2.4. Equations of motion

The Lagrange equation is expressed as: 

∂
∂t

(
∂KE
∂q̇ i

)

−
∂KE
∂qi

+
∂UM

∂qi
+

∂UT

∂qi
= 0, i = 1, 2,…. (21) 

In response to temperature-induced potential energy in the flexible rotor, the decomposed thermal potential energy Eq. (19) is 
substituted into Eq. (21). By calculating the partial derivatives of thermal potential energy, the expressions for UT

1 /∂qi, UT
2 /∂qi, and UT

3 
/∂qi are derived (detailed expressions are provided in the Appendix A). Similarly, the kinetic energy Eq. (7) and mechanical potential 
energy Eq. (8) are substituted into the Lagrange Eq. (21). The dynamic equation of the thermal rotor element in matrix notation is as 
follows: 

[M]
e
{q̈}s + [C]e{q̇}s + Ω[G]e{q̇}s + [K]eM{q}s + [K]eT{q}s + [K]eb{q}s = [f ]eunl, (22) 

where [K]eT denotes the temperature stiffness matrix (the matrix is shown in Appendix A), employed to characterize the influence of 
temperature stress. The matrices [M]e, [C]e, [G]e, [K]eM, [K]eb, [f ]

e
unl correspondingly signify the mass matrix, damping matrix, gyro 

matrix, mechanical stiffness matrix, bearing stiffness, and unbalanced force vector of the thermal rotor element (refer to the literature 
[43] for detailed information). In accordance with the finite element assembly method, the dynamic equation of the thermal rotor is 
established as follows: 

Fig. 4. Material properties of 45 steel with temperature.
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[M]{q̈} + [C]{q̇} + Ω[G]{q̇} + [K]M{q} + [K]T{q} + [K]b{q} = [f ]unl, (23) 

where [M], [C], [G], [K]M, [K]T, [K]b, [f]unl are the mass matrix, damping matrix, gyro matrix, mechanical stiffness matrix, thermal 
stiffness matrix, bearing stiffness and unbalanced force vector of the thermal rotor structure, respectively. {q} is the generalized vector 
of the thermal rotor, expressed as: 

{q} = [x1, y1, θ1,φ1, x2, y2, θ2,φ2,……, xm− 1, ym− 1, θm− 1,φm− 1, xm, ym, θm,φm]
T
. (24) 

3. Temperature field model

The heat transfer partial differential equation for an axisymmetric structure, taking into account internal heat sources and the 
transient temperature field, is expressed as [44]: 

∂T
∂t

=
k

cpρs

(
∂2T
∂r2 +

1
r

∂T
∂r

+
∂2T
∂z2 +

qv

k

)

, (25) 

where k denotes thermal conductivity, qv represents internal heat source, cp signifies the specific heat at constant pressure, t signifies 
time, and z and r denote the axial and radial coordinates of the axisymmetric structure, respectively. The derivation of the weighted 
residual formula is grounded in the Galerkin method. Subsequently, the variational equation for the axisymmetric temperature field is 
obtained through partial integration and Green’s formula. 

∂JD

∂Tl
=

∫∫

D

[

kr
(

∂Wl

∂r
∂T
∂r

+
∂Wl

∂z
∂T
∂z

)

− Wlrqv + Wlrρcp
∂T
∂t

]

dzdr

−

∮

Γ

Wlrk
∂T
∂n

ds = 0, (l = 1, 2,…, n).
(26) 

Building upon the temperature field boundary conditions, the variational calculation equations for the axisymmetric temperature 
field are derived. The first boundary conditions encompass three cases: defining the boundary ij as temperature T, adiabatic or internal 
heat conduction (Fig. 5). The variational expression for the first boundary conditions element is explicitly formulated in Eq. (27). As 
shown in Fig. 5, the second and third boundaries respectively define the heat flux q2 and convective heat transfer (convection heat 
transfer coefficient h and medium temperature T3) of the boundary ij. Their variational formulas are presented as Eqs. (28) and (29). 

∂JE

∂Tl
=

∫∫

E

[

kr
(

∂Wl

∂r
∂T
∂r

+
∂Wl

∂z
∂T
∂z

)

− Wlrqv +Wlrρcp
∂T
∂t

]

dzdr, (27) 

∂JE

∂Tl
=

∫∫

E

[

kr
(

∂Wl

∂r
∂T
∂r

+
∂Wl

∂z
∂T
∂z

)

− Wlrqv +Wlrρcp
∂T
∂t

]

dzdr −
∫

ij

Wlrq2ds, (28) 

∂JE

∂Tl
=

∫∫

E

[

kr
(

∂Wl

∂r
∂T
∂r

+
∂Wl

∂z
∂T
∂z

)

− Wlrqv +Wlrρcp
∂T
∂t

]

dzdr −
∫

ij

Wlrαs(T − T3)ds, (29) 

where E signifies a finite element domain of the axisymmetric structure, andl = (i, j, m) constitutes an array of nodes for an element. 
The temperature of any point in an element can be expressed by temperature shape function of temperature [H]e and the temperature 
of nodes: 

T = [H]
e[Ti, Tj, Tm

]T
=

[
Hi, Hj, Hm

][
Ti, Tj, Tm

]T
. (30) 

The weight function of node is 

Fig. 5. Three types of boundaries.
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Wl =
∂T
∂Tl

= Hl, l = (i, j, m). (31) 

The temperature shape function (Eq. (30)) and the weight function (Eq. (31)) are substituted into the variational formulas (Eqs. 
(27)-(29)). Upon organizing the variational formula for the element, the temperature field of the finite element is subsequently 
derived. 

[KT]E{T}E
+ [NT]E

{
∂T
∂t

}E

= {PT}E
, (32) 

where {T}E denotes the element temperature vector, while [KT]E, [NT]E, and {PT}E stand for the element thermal conductivity matrix, 
element heat capacity matrix, and temperature load vector, respectively. The overall temperature field model is determined by the 
characteristics of the specific temperature solution domain and the distribution of element nodes.

4. Numerical results

Building upon the Sections 2 and 3, this section presents the numerical analysis results. Detailed descriptions of temperature 
boundary conditions for the subsequent numerical analysis are provided. The effects of thermal stress, temperature-dependent ma
terial properties, and coupling effect on the vibration response of the thermal rotor under various temperature fields are discussed 
individually.

To investigate the vibration characteristics of the thermal rotor, subsequent analysis is conducted for a rotor with both ends fully 
axially constrained, as illustrated in Fig. 6. Table 1 provides the geometry and material parameters of the thermal rotor.

4.1. Temperature distribution of rotor

Fig. 7 shows the boundary conditions of temperature field. These conditions are specified as follows:
Surface 1 and Surface 5 are adiabatic;
Surface 2 and Surface 4 experience convective heat transfer with room temperature air at 22 ◦C, with a convective heat transfer 

coefficient of 40 W/(m2⋅K);
Surface 3 undergoes convective heat transfer with high temperature gas at ΔT + 22 ◦C, with a convective heat transfer coefficient of 

60 W/(m2⋅K).
In this study, the room temperature is assumed to be 22 ◦C (temperature difference ΔT=0 ◦C), as portrayed in the upper part of 

Fig. 8(a). Similarly, when high-temperature gas T3=72 ◦C or 122 ◦C, the temperature difference ΔT is 50 ◦C or 100 ◦C, respectively. 
Employing the temperature field model in Section 3 yields the temperature distribution results showcased in Fig. 8. The computed non- 
uniform temperature distribution results are substituted into the thermal stiffness matrix and temperature-dependent material pa
rameters, enabling the analysis of the influence of varying boundary conditions on the vibration characteristics.

4.2. Analysis of NF characteristics

4.2.1. The influence of axial thermal stress on the NF
Fig. 9 illustrates the axial thermal stress distribution of the thermal rotor under various temperature boundary conditions. The 

thermal stress distribution in the rotor closely resembles the temperature distribution. Furthermore, the maximum axial thermal stress 
undergoes a proportional increase as the temperature difference grows.

Fig. 10 displays the first- to fourth-order NFs of the thermal rotor under various temperature distributions, considering the impact 
of thermal stress. The lower left corner depicts the mode shape, while the upper right corner showcases the NF’s difference. As the 
temperature difference ΔT increases from 0 ◦C to 150 ◦C, the first-order NF decreases by 11.6 Hz, the second-order NF decreases by 
20.1 Hz, the third-order NF decreases by 16.9 Hz, and the fourth-order NF decreases by 15.1 Hz. The investigation of the NF variations 

Fig. 6. The schematic diagram of thermal rotor.
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induced by axial thermal stress reveals that the second-order NF experiences the most significant variation with temperature 
difference.

4.2.2. The influence of temperature-dependent material properties on the NF
Fig. 11 presents the variation of the first- to fourth-order NFs under various temperature field conditions, taking into account the 

Table 1 
The geometry and material parameters of thermal rotor (Normal temperature).

Geometry parameters Value Material parameters Value

Beam length 1000 mm Elastic modulus Es 209 GPa
Beam diameter 60 mm Poisson’s ratio νs 0.3
Heated region position 500 mm Density ρs 7890 kg/m3

Heated region range 300 mm Shear modulus Gs 80.4 GPa
Support① position 67.5 mm Thermal expansion coefficient αs 1.2 × 106 ◦C − 1

Support② position 932.5 mm Support stiffness 1 × 1011 N/mm

Fig. 7. The boundary conditions of temperature field.

Fig. 8. The temperature field distribution.

Fig. 9. The axial thermal stress distribution.
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influence of temperature-dependent material properties. As the temperature difference increases from 0 ◦C to 150 ◦C, the first-order NF 
experiences a reduction of 2.0 Hz, and the second-order NF decreases by 7.9 Hz, and the third-order NF decreases by 17.1 Hz, and the 
fourth-order NF decreases by 29.0 Hz. Notably, a discernible trend emerges: higher order NFs exhibit more substantial decreases in NFs 
with increasing temperature difference.

4.2.3. The coupling influence of axial thermal stress and material properties on the NF
Fig. 12 illustrates the variation in the first- to fourth-order NFs under diverse temperature field distributions. This analysis 

comprehensively incorporates the coupling influence of axial thermal stress and temperature-dependent material properties. As the 
temperature difference escalates from 0 ◦C to 150 ◦C, the first to fourth-order NFs experience reductions of 13.5 Hz, 27.7 Hz, 33.8 Hz, 
and 43.9 Hz, respectively. Notably, the relationship persists that higher order NFs show more pronounced decreases in NFs with 
increasing temperature difference.

4.3. Analysis of dimensionless natural frequency (DNF) characteristics

To objectively assess the impact of various factors and ensure the generality of numerical outcomes, this section concentrates on 
elucidating the changes in DNFs arising from axial thermal stress, temperature-dependent material parameters, and their coupling 
effect.

Fig. 13 illustrates the alteration in DNFs with temperature resulting from axial thermal stress. Despite Fig. 13 revealing the smallest 
difference in first-order NF under the same temperature difference, dimensionless analysis demonstrates that axial thermal stress has 
the most significant impact on the first-order DNF. Conversely, its influence diminishes on higher-order DNFs.

Fig. 14 illustrates the variation in DNFs from the first- to fourth-order resulting from temperature-dependent material. As the 
temperature difference increases, the DNF of each order uniformly decreases. This observation underscores the consistent influence of 
temperature-dependent material on each DNF.

Fig. 10. The NF variations induced by axial thermal stress.
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Fig. 15 illustrates the alteration in DNFs resulting from the synergistic interplay of axial thermal stress and temperature-dependent 
material properties. Within identical temperature differentials, the coupling effect exerts its most significant impact on the first-order 
DNF, with its influence intensifying progressively alongside escalating temperature variations.

4.4. Run-up response

In this section, the analysis focuses on the impact of axial thermal stress, temperature-dependent material properties, and coupling 
effect on the run-up response of the thermal rotor.

Fig. 16 elucidates the run-up response of a thermal rotor, accounting for axial thermal stress amidst diverse temperature differ
ences. Fig. 16(a) specifically presents the rotor response as speed escalates from 0 to 18,000 rpm. Significantly, antecedent to the 
initiation of first-order resonance frequency, augmented temperature differences correlate positively with heightened response am
plitudes. Conversely, subsequent to the onset of first-order resonance frequency, augmented temperature differences yield a pro
portional reduction in the amplitude of the thermal rotor. Fig. 16(b) illustrates the response as the rotating speed elevates from 30,000 
to 42,000 rpm. This analysis is instrumental in scrutinizing the influence of temperature on the response proximate to the second-order 
resonance frequency. Antecedent to the initiation of second-order resonance frequency, heightened temperatures correspond with a 
diminished amplitude of the thermal rotor. At the resonance point, akin to the first-order resonance frequency, escalating temperature 
differences lead to a reduction in the second-order resonance frequency value. However, distinct from the first-order resonance fre
quency, at the second-order resonance point, an augmented temperature difference results in an amplified amplitude. Subsequent to 
the occurrence of second-order resonance frequency, the amplitude diminishes with rising temperature, mirroring the phenomenon 
observed prior to the onset of second-order resonance frequency.

Fig. 17 presents the run-up response under varied temperature differences, incorporating the impact of temperature-changing 
material properties. Within the rotating speed range of 0–18,000 rpm and 30,000–42,000 rpm, the observed phenomenon mirrors 

Fig. 11. The NF variations induced by material properties.
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Fig. 12. The NF variations induced by coupling effect.

Fig. 13. The DNF changes induced by axial thermal stress.

Y. Zhao et al.                                                                                                                                                                                                           Applied Mathematical Modelling 138 (2025) 115751 

13 



the influence of thermal stress. Notably, in contrast to axial thermal stress, the effect of temperature-dependent material properties on 
the amplitude of the run-up response is exceedingly nuanced.

Fig. 18 illustrates alterations in the run-up response under varying temperature differences, incorporating the coupling effect of 
axial thermal stress and temperature-dependent material properties. Despite the distinct impact degree of axial thermal stress and 
temperature-dependent material properties on the run-up response, their influence exhibits consistent trends. Consequently, the 
impact of coupling becomes increasingly evident, resulting in conspicuous changes in frequency and amplitude with the escalation of 
temperature differences.

5. Model validation

Section 5 is dedicated to validating the proposed one-dimensional model, which incorporates considerations of axial thermal stress 
and temperature-dependent material properties. The verification method employs a three-dimensional finite element model. The 
reliability of this verification method comes from dividing the rotor into many nodes and elements in three-dimensional space, which 
can accurately describe the thermal stress and strain at each location in the non-uniform temperature field. The rotor’s vibration 

Fig. 14. The DNF changes induced by temperature-dependent materials.

Fig. 15. The DNF changes induced by coupling effect.
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characteristics are analyzed using this verification method, and the simulation outcomes are juxtaposed with the proposed model’s 
analysis results. Fig. 19 illustrates the boundary conditions and the calculation results of the temperature distribution for the thermal 
rotor employed in the verification process.

Table 2 delineates the first-order NF of the thermal rotor, accounting for the influence of axial thermal stress, computed through the 
finite element method and the proposed model. Observation reveals that the discrepancy remains below 0.6 % for each temperature 
boundary condition.

Table 3 delineates the first-order NF of the thermal rotor, taking into account the coupling effect of axial thermal stress and 
temperature-dependent material properties, computed through the finite element method and the proposed model. Notably, for each 
temperature boundary condition, the discrepancy is observed to be <0.2 %. This affirms the efficacy of the model introduced in this 
study.

Fig. 20 shows the frequency error analysis considering axial thermal stress and coupling effect. The error considering coupling 
effect is significantly smaller than that considering only axial thermal stress.

6. Conclusions

In this paper, an accurate and simple thermal flexible rotor dynamic model is proposed, which accounts for the impact of thermal 
stress and temperature-dependent material properties on a flexible structure subjected to a non-uniform temperature field. Subse
quently, the influence of multiple factors on thermoelastic coupling vibration characteristics (NF, DNF, and run-up response) under 

Fig. 16. The run-up response of thermal rotor induced by axial thermal stress.

Fig. 17. The run-up response induced by temperature-dependent material properties.
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different temperature fields are discussed. Concurrently, the model’s validity is confirmed through the three-dimensional finite 
element method. This model guarantees precise and simple characterization of temperature effects on the rotor, providing a rapid 
calculation model suitable for iterative and nonlinear analyses of thermal rotors. 

Fig. 18. The run-up response induced by the coupling effect.

Fig. 19. Temperature boundary conditions and the calculation results using finite element software.
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(1) A thermal flexible rotor modelling approach that incorporates considerations of thermal stress and temperature-dependent 
material properties is proposed to achieve rapid and precise computation of the thermal rotor response. Primarily, 
leveraging the shear deformation theory, the expression of deformation for an arbitrary point within the thermal rotor element 
is formulated through the coordinate of an arbitrary point along the element centroid line. Simultaneously, the coordinate of the 
arbitrary point on the centroid line is determined by the generalized coordinates of the element. Subsequently, the formula for 
strain concerning generalized coordinates is derived based on the von Karman strain–displacement relation. The theory of 
thermo-elasticity is employed to obtain the axial thermal stress of the thermal rotor element. By integrating the relationship 
between axial strain and thermal stress, the potential energy associated with thermal deformation is derived and subsequently 
incorporated into the Lagrange equation for assembly.

(2) The influences of thermal stress, temperature-dependent material properties, and the coupling effect on the NF, DNF, and run- 
up response of the thermal rotor under diverse temperature boundary conditions are examined. The NF is reduced by axial 
thermal stress, with the second-order NF exhibiting the most significant alterations. However, the DNF analysis reveals that 
temperature exerts the most substantial influence on low-order frequencies. Material properties also contribute to frequency 
reduction, yet the distinctive aspect is that the impact of material properties on each order DNF remains consistent. The run-up 
response analysis reveals that the amplitude is reduced by temperature stress, temperature-dependent material properties, and 
coupling effect across most speed ranges. This contrasts with the amplitude change induced by thermal bending. Consequently, 
comprehensive consideration of these temperature-induced effects is warranted when conducting thermoelastic coupling 
analysis.

Table 2 
The first-order NF variations induced by axial thermal stress.

Temperature difference (◦C) FE model’s NF 
(Hz)

The proposed model’s NF (Hz) Error 
(%)

0 161.2 161.3 0.06
25 159.3 159.4 0.06
50 157.3 157.5 0.12
75 155.3 155.6 0.19
100 153.2 153.7 0.31
125 151.0 151.7 0.43
150 148.8 149.7 0.56

Table 3 
The first-order NF variations induced by coupling effect.

Temperature difference ( ◦C) FE model’s NF 
(Hz)

The proposed model’s NF (Hz) Error 
(%)

0 161.2 161.3 0.06
25 159.2 159.2 0.00
50 157.1 157.0 0.06
75 154.9 154.9 0.00
100 152.74 152.6 0.09
125 150.42 150.2 0.15
150 147.99 147.8 0.13

Fig. 20. The error analysis.
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(3) The validation of the model, incorporating the influences of thermal stress and temperature-dependent material properties, is 
conducted. To ensure consistency in temperature boundary conditions, a comparative analysis is undertaken between the 
calculation results of the proposed model and the three-dimensional finite element model. The analysis outcomes reveal that the 
NF error is maintained below 1 % under each temperature boundary condition.
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Appendix A

The interpolation functions in the shape function matrix are expressed as: 

N1(s) =
1

1 + λ
(
1 + λ − λξ − 3ξ2 + 2ξ3),

N4(s) =
ls

1 + λ

[(

1 +
λ
2

)

ξ −
(

2 +
λ
2

)

ξ2 + ξ3
]

,

N5(s) =
1

1 + λ
(
λξ + 3ξ2 − 2ξ3),

N8(s) =
ls

1 + λ

[

−
λ
2

ξ +
(

λ − 2
2

)

ξ2 + ξ3
]

.

(A.1) 

D1(s) =
6

(1 + λ)ls
(
− ξ + ξ2),

D4(s) =
1

1 + λ
(
1 + λ − (4 + λ)ξ + 3ξ2),

D5(s) =
6

(1 + λ)ls
(
ξ − ξ2),

D8(s) =
1

1 + λ
[
− 2ξ + 3ξ2 + ξλ

]
.

(A.2) 

where the coefficient ξ is equal to s/ls, and λ is the shear effect coefficient, satisfying λ = 12EsIs/Kʹ
sAsGsl2s . 

B1(s) =
∂N1(s)

∂s
,B4(s) =

∂N4(s)
∂s

,B5(s) =
∂N5(s)

∂s
,B8(s) =

∂N8(s)
∂s

. (A.3) 

R1(s) =
∂D1(s)

∂s
,R4(s) =

∂D4(s)
∂s

,R5(s) =
∂D5(s)

∂s
,R8(s) =

∂D8(s)
∂s

. (A.4) 

The specific expressions of UT
1/∂qs, UT

2/∂qs and UT
3/∂qs are: 
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0
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0
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0
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0
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(A.7) 

The stiffness matrix caused by temperature stress is expressed as: 

[K]eT =
1
2
NT
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0
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